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Abstract
Matrix-valued stochastic processes have been of significant importance in areas such
as physics, engineering and mathematical finance. One of the first models studied has
been the so-called Wishart process, which is described as the solution of a stochastic
differential equation in the space of matrices. In this paper we analyze natural exten-
sions of this model, and prove the existence and uniqueness of the solution. We do
this by carrying out a Picard iteration technique in the space of symmetric matrices.
This approach takes into account the operator character of the matrices, which helps
to corroborate how the Lipchitz conditions also arise naturally in this context.
2000 Mathematics Subject Classification:
Keywords: Matrix-valued diffusions, Lipschitz conditions, Picard iterations.
1 Introduction
Bru [2] introduced the so called Wishart process, which is specified by the following stochastic
differential equation (SDE) valued in the space of symmetric d×d matrices for certain values
α in the so-called Wallach set (i.e. α ∈ {1, 2, . . . , d−1}⋃[d−1,∞)) and some initial condition
X0,
dXt =
√
XtdBt + dB
T
t
√
Xt + αIdt,
where Bt is a d×d matrix with each entry being a Brownian motion, all of them independent.
If Xt belongs to the set of positive semidefinite symmetric matrices, one can properly define√
Xt for each t ≥ 0, as
√
Xt = Ut
√
ΛtU
T
t , where UtΛtU
T
t is the spectral decomposition of Xt,
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and
√
Λt represents the diagonal matrix where the diagonal is given by the square roots of
the eigenvalues increasingly ordered.
The work in [2] has motivated several studies and applications, let us mention for example
[10, 13, 12]. Under certain conditions, Bru tells us that such an equation has a unique strong
solution. To argue that, Bru [2] appeals first to the fact, taken from [15], that the square root
is an analytic function in the space of symmetric positive matrices. Then, she refers to the
result in Ikeda and Watanabe [8] about the unique existence of a solution of a vector-valued
diffusion to conclude the uniqueness and existence of the solution. Here we propose taking
a different route, where one needs some results on matrices.
A more general model is given by
dXt = g(Xt)dBtf(Xt) + f(Xt)dB
T
t g(Xt) + b(Xt)dt, (1)
where g, f and b are matrix valued functions acting on matrices. One example is when one
takes R → R functions and uses spectral decomposition to obtain matrix-valued functions;
actually, we were motivated to study equation (1) after seeing this point of view in [5].
In this paper we propose using the Picard iteration method to stablish the existence of the
solution, as well as exploiting the operator character of the matrix to study the equation.
We think that dealing directly (instead of passing through vector-valued diffusions) with
the matrix-equation can be useful to obtain more insight into matrix diffusions. Thus,
we hope that our results help to complement theory already developed in papers such as
[1, 2, 3, 4, 6, 9, 13, 14, 16]. To carry out the proof, we develop a few results suited to handle
matrix-equations and which are of independent interest.
One important issue that we are not studying here is the so-called time of collision; one
might read more about this in [11, 12, 14, 17].
2 Preliminaries
Let Sd×d be the set of symmetric matrices, and S+d×d the positive semidefinite ones. Let Bt
be a d × d Brownian motion (i.e. a matrix filled with independent Brownian motions). We
will focus on the following SDE valued in Sd×d:
dXt = g(Xt)dBtf(Xt) + f(Xt)dB
T
t g(Xt) + b(Xt)dt,
with initial condition X0 ∈ S+d×d, and where g, f and b are Sd×d → Sd×d functions. However,
we will be more interested in considering R → R functions to construct a diffusion. In this
case the following consideration is taken for R → R functions g, f and b. If A ∈ Sd×d, by
g(A) we mean Hg(Λ)HT , where HΛHT is the spectral decomposition of A and g(Λ) is the
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diagonal matrix with the values g(λ1), . . . , g(λd) and λ1 ≤ λ2 ≤ . . . ≤ λd are the eigenvalues
of A increasingly ordered. Under this framework it turns out that Xt is a symmetric matrix
for all t. In [7], Chapter 6, there is a detailed study of functions acting on spaces of matrices,
an idea which is extended in functional analysis to so-called functional calculus to define a
function of an operator.
Our aim is to investigate the condition on the functions g, f and b, under which previous
equation has a unique strong solution. As expected, Lipschitz conditions will play a crucial
role. Before we embark on this task, some useful results are in order.
Definition 1 For matrices A and B, by
A ≥ 0
we mean A is positive semidefinite, that is xTAx ≥ 0 for every vector x, and by
A ≤ B
we mean B −A ≥ 0.
Remark 2 The following results will be useful (we used [19] as a general reference).
i) For symmetric matrices A,B,
(A+B)2 ≤ 2A2 + 2B2. (2)
ii) For a symmetric matrix A and unit vector x,
(xTAx)2 ≤ xTA2x. (3)
A proof of (3) can be obtained using the Cauchy-Schwarz inequality. Indeed
(xTAx)2 = 〈x,Ax〉2 ≤ 〈x, x〉〈Ax,Ax〉 = xTATAx = xTA2x.
Next, we prove an analogous result of the Cauchy inequality, which will be useful.
Proposition 3 Let {At, t ≥ 0} in Sd×d with each entry being a continuous function. Then(
xT
∫ t
0
Asdsx
)2
≤ txT
∫ t
0
A2sdsx,
for any unit vector x.
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Proof. First fix a unit vector x. Now consider an equidistant partition {s1, . . . , sn} of [0, t]
and set Ai := Asi for i = 1, . . . , n. Let ∆ > 0 be the partition size and define
F (u) := xT
n∑
i=1
(
√
∆Ai − u
√
∆I)2x.
We have
n∑
i=1
(
√
∆Ai − u
√
∆I)2 = ∆A2i + . . .+∆A
2
n︸ ︷︷ ︸
α
−2u (∆A1 + . . .+∆An)︸ ︷︷ ︸
β
+u2 (∆ + . . .+∆)︸ ︷︷ ︸
t
.
Since F (u) = xTαx− 2uxTβx+ u2xT tx ≥ 0 for all u, then for the discriminant
(−2xTβx)2 − 4xTαxxT tx ≤ 0.
But xT tx = t, hence
xT (∆A21 + . . .+∆A
2
n)xt ≥ (xT (∆A1 + . . .+∆An)x)2.
The result follows after taking the infinitesimal sum on both sides of the previous inequality.
3 Existence and uniqueness
We will use the following criterion to establish the solubility of the stochastic equation.
Definition 4 Consider a function g : Sd×d → Sd×d. We say that g is Lipschitz in matrix
sense if there exists a constant c > 0 such that for any pair A1, A2 ∈ Sd×d and any unit
vector x ∈ Rd we have
xT (g(A1)− g(A2))2 x ≤ cxT (A1 −A2)2x. (4)
The following two results will be useful for Theorem 7, their proofs are left in the Ap-
pendix, where it is properly defined what we mean by the matrix stochastic integral. Notice
that the next proposition resembles an isometry property,
Proposition 5 Let At and Ct, t ≥ 0 be matrix-valued stochastic processes such that∫ t
0
AsdBsCs
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is well defined as an Itoˆ stochastic integral. Then, for any pair of vectors x, y ∈ Rd
E
[
yT
(∫ t
0
AsdBsCs
)2
x
]
=
∫ t
0
E
[
xTCTs CsAsA
T
s y
]
ds.
Lemma 6 Let τ > 0 be fixed. For continuous adapted processes At and Ct in Sd×d, there
exists β > 0 such that
E
[
xT
(∫ t
0
AsdBsCs +
∫ t
0
CsdB
T
s As
)2
x
]
≤ β
∣∣∣∣∣E
[
xT
(∫ t
0
AsdBsCs
)2
x
]∣∣∣∣∣
+ β
∣∣∣∣∣E
[
xT
(∫ t
0
CsdB
T
s As
)2
x
]∣∣∣∣∣ ,
for all t ∈ [0, τ ].
Theorem 7 Suppose that g, f and b are R→ R bounded functions that satisfy the property
of Definition 4. Then, the stochastic differential equation
Xt = X0 +
∫ t
0
b(Xs)ds+
∫ t
0
g(Xs)dBsf(Xs) +
∫ t
0
f(Xs)dB
T
s g(Xs) (5)
has a unique strong solution in Sd×d.
The following proof follows the general structure of its vector analogue taken from [18].
Proof. Since g, f and b are bounded, there is a constant c > 0 such that for any symmetric
matrix A
g(A) < cI, (6)
and the same for f and b.
Uniqueness. Let τ > 0 be fixed and consider t ∈ [0, τ ]. If Xt and Yt are two solutions
of the SDE (5), we want to prove that (∀x ∈ Rd) E [xT (Xt − Yt)2 x] = 0.
Using inequality (2) we have
E
[
xT (Xt − Yt)2 x
]
= E
[
xT
(∫ t
0
(b(Xs)− b(Ys))ds+Ht(X, Y )
)2
x
]
≤ 2E
[
xT
((∫ t
0
(b(Xs)− b(Ys))ds
)2
+ (Ht(X, Y ))
2
)
x
]
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where
Ht(X, Y ) :=
∫ t
0
g(Xs)dBsf(Xs)+
∫ t
0
f(Xs)dB
T
s g(Xs)−
∫ t
0
g(Ys)dBsf(Ys)−
∫ t
0
f(Ys)dB
T
s g(Ys)
With Proposition 3 and the Lipschitz condition (4) we have that
E
[
xT
(∫ t
0
(b(Xs)− b(Ys))ds
)2
x
]
≤ τc
∫ t
0
E[xT (Xs − Ys)2x]ds. (7)
Next we do the following for the other term,
Ht(X, Y ) = Ht(X, Y )±
∫ t
0
g(Xs)dBsf(Ys)±
∫ t
0
f(Ys)dB
T
s g(Xs)
=
∫ t
0
g(Xs)dBs(f(Xs)− f(Ys)) +
∫ t
0
(f(Xs)− f(Ys))dBTs g(Xs)︸ ︷︷ ︸
H(1)
+
∫ t
0
(g(Xs)− g(Ys))dBsf(Xs) +
∫ t
0
f(Xs)dB
T
s (g(Xs)− g(Ys))︸ ︷︷ ︸
H(2)
.
Notice that last expression is the sum of two symmetric matrices, H(1) and H(2), thus, to
analyze
E
[
xT (Ht(X, Y ))
2x
]
,
we can apply inequality (2) to split the previous expression into two parts, one with H(1)
and the other with H(2). After that, we can apply Lemma 6 to each part with H(i), so that
in the end we have split it into four terms. This means that E
[
xT (Ht(X, Y ))
2x
]
is less than
or equal to the sum of four terms, each one of the form
E
[
xT
(∫ t
0
g(Xs)dBs(f(Xs)− f(Ys))
)2
x
]
.
Using Proposition 5, the Lipschitz (4) and the boundedness conditions (6), the following
happens to each term
E
[
xT
(∫ t
0
g(Xs)dBs(f(Xs)− f(Ys))
)2
x
]
=
∫ t
0
E
[
xT (f(Xs)− f(Ys))2g2(Xs)x
]
ds
≤ c1
∫ t
0
E[xT (Xs − Ys)2x]ds,
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for some finite constant c1. All this, together with (7), ends up giving that
E
[
xT (Xt − Yt)2 x
] ≤ cτ ∫ t
0
E
[
xT (Xs − Ys)2 x
]
ds,
where cτ is a constant depending on τ . An application of Gronwall’s Lemma finishes this
part of the proof, which is to say that E
[
xT (Xt − Yt)2 x
]
is in fact zero for all unit vectors
x.
Existence. The Picard iteration technique commands us to define
X
(n)
t := X0 +
∫ t
0
b(X(n−1)s )ds+
∫ t
0
g(X(n−1)s )dBsf(X
(n−1)
s ) +
∫ t
0
f(X(n−1)s )dB
T
s g(X
(n−1)
s ),
and X
(0)
t := X0 for all t ≥ 0. We want to prove that there exists a stochastic process Xt
valued in Sd×d such that
i) X
(n)
t → Xt uniformly on t ∈ [0, τ ] and ii) that Xt satisfies the SDE (5).
First, in order to prove i), with techniques already used in the Uniqueness part, i.e.
inequality (2), Lemma 6, Proposition 5, as well as the boundedness condition (6), we have
E[xT (X
(1)
t −X(0)t )2x] (8)
= E
[
xT
(∫ t
0
b(X(0)s )ds+
∫ t
0
g(X(0)s )dBsf(X
(0)
s ) +
∫ t
0
f(X(0)s )dB
T
s g(X
(0)
s )
)2
x
]
≤ 2t2E[xT b2(X0)x] + 2βt2E[xT f 2(X0)g2(X0)x] + 2βt2E[xTg2(X0)f 2(X0)x] ≤ cτ ,
for all t ∈ [0, τ ], where cτ is a finite constant depending on τ .
Now, using again (2), we have the following inequality
E[xT (X
(n+1)
t −X(n)t )2x]
= E
[
xT
(∫ t
0
(b(X(n)s )− b(X(n−1)s ))ds+Ht(X(n), X(n−1))
)2
x
]
≤ 2E
[
xT
(∫ t
0
(b(X(n)s )− b(X(n−1)s ))ds
)2
x
]
+ 2E
[
xT
(
Ht(X
(n), X(n−1))
)2
x
]
.
Let us analyze the last two terms in the left hand side of the previous display. With
Proposition 3 and the Lipschitz condition (4) we obtain
E
[
xT
(∫ t
0
(b(X(n)s )− b(X(n−1)s ))ds
)2
x
]
≤ τ
∫ t
0
E
[
xT (X(n)s −X(n−1)s )2x
]
ds. (9)
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For the H-term, using the same idea as for the Uniqueness part:
Ht(X
(n), X(n−1))
= Ht(X
(n), X(n−1))±
∫ t
0
g(X(n)s )dBsf(X
(n−1)
s )±
∫ t
0
f(X(n−1)s )dB
T
s g(X
(n)
s )
=
∫ t
0
g(X(n)s )dBs(f(X
(n)
s )− f(X(n−1)s )) +
∫ t
0
(f(X(n)s )− f(X(n−1)s ))dBTs g(X(n)s )
+
∫ t
0
(g(X(n)s )− g(X(n−1)s ))dBsf(X(n)s ) +
∫ t
0
f(X(n−1)s )dB
T
s (g(X
(n)
s )− g(X(n−1)s )).
Using inequality (2) and iterating the same arguments (i.e. Lemma 6, Proposition 5, Lips-
chitz condition (4), boundedness condition (6)) as in the Uniqueness part we arrive at
E[xT (X
(n+1)
t −X(n)t )2x] ≤ cτ
(βt)n
n!
, (10)
where we also used (8) in the last iteration. Notice that we obtain the same inequality after
incorporating (9).
Define now
Dn := sup
t≤τ
∣∣∣xT (X(n+1)t −X(n)t )x∣∣∣ .
We want to prove that
∞∑
n=1
P (Dn ≥ 1/n2) <∞. (11)
Using the Chebyshev inequality
∞∑
n=1
P (Dn ≥ 1/n2) ≤
∞∑
n=1
n4E(D2n).
So, it suffices to show that
E(D2n) ≤ cτ
(βτ)n
n!
.
However,
Dn = sup
t≤τ
∣∣∣∣xT
(∫ t
0
(b(X(n)s )− b(X(n−1)s ))ds+Ht(X(n), X(n−1))
)
x
∣∣∣∣
≤
∫ τ
0
|xT (b(X(n)s )− b(X(n−1)s ))x|ds+ sup
t≤τ
∣∣xTHt(X(n), X(n−1))x∣∣ .
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Thus,
D2n ≤ 2
(∫ τ
0
∣∣xT ((b(X(n)s )− b(X(n−1)s )))x∣∣ ds
)2
︸ ︷︷ ︸
A2n
+2
(
sup
t≤τ
∣∣xTHt(X(n), X(n−1))x∣∣)2︸ ︷︷ ︸
C2n
.
From the Cauchy-Schwarz inequality and using the inequality (3), we can produce(∫ τ
0
∣∣xT ((b(X(n)s )− b(X(n−1)s )))x∣∣ ds
)2
≤
∫ τ
0
1ds
∫ τ
0
∣∣xT ((b(X(n)s )− b(X(n−1)s )))x∣∣2 ds
≤ τ
∫ τ
0
xT (b(X(n)s )− b(X(n−1)s ))2xds.
Hence, for a constant c
(1)
τ depending on τ ,
E(A2n) ≤ c(1)τ
(βτ)n
n!
.
For the Ht-term, since x
THt(X
(n) −X(n−1))x is a martingale, by Doob’s inequality
E(C2n) ≤ 4E[xT (Hτ (X(n), X(n−1)))2x].
Upon the same argument as for (10),
E(C2n) ≤ c(2)τ
(βτ)n
n!
,
for some finite constant c
(2)
τ , therefore, for cτ := max(c
(1)
τ , c
(2)
τ ),
E(D2n) ≤ cτ
(βτ)n
n!
.
Since (11) holds, by the Borel-Cantelli Lemma,
P (lim inf
n
{Dn < 1/n2}) = 1.
This says that
for almost all ω ∈ Ω there exists N(ω) such that Dn < 1/n2 for all n ≥ N(ω),
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which implies that {X(n)t } is a Cauchy sequence a.s., since
xTX
(n)
t x =
n−1∑
i=0
xT
(
X
(i+1)
t −X(i)t
)
x.
The conclusion is that there exists a process Xt with
X
(n)
t
a.s.→ Xt uniformly in [0, τ ], as n→∞.
It remains to prove that Xt satisfies (5), which is achieved from the inequality
E
[
xT
(∫ t
0
(b(X(n)s )− b(Xs))ds+Ht(X(n), X)
)2
x
]
≤ cτβ
∫ t
0
E[xT
(
X(n)s −Xs
)2
x]ds,
and taking n → ∞. However, previous the inequality can be obtained repeating the same
kind of arguments used along the proof.
4 Appendix
In this secction we prove Proposition 5 and Lemma 6. In what follows, ‖A‖ represents the
operator norm and ‖A‖F the Frobenius norm of a matrix A. It is well known that the norms
in the space of matrices are equivalent because it is of finite dimension.
We now give some remarks regarding the matrix stochastic integral I :=
∫ t
0
AsdBsCs that
we use below. Notice first that I is defined as the matrix where each (i, j) entry is given by
I(i, j) :=
d∑
k=1
d∑
r=1
∫ t
0
As(i, k)Cs(r, j)dBs(k, r),
where A(i, k), C(r, j) and B(k, r) are the corresponding entries of A, C and B. Therefore,
the existence of I occurs if
r‖A(i, k)C(r, j)‖22 := E
[∫ t
0
(As(i, k)Cs(r, j))
2 ds
]
<∞,
for all i, k, r, j ∈ {1, . . . , d}. The above expression ‖ • ‖2 is a norm in a space of stochastic
processes.
Let us see how we can construct a sequence of matrix step processes A(n) and C(n) such
that E[‖I(n) − I‖2] → 0, n → ∞, where I(n) := ∫ t
0
A
(n)
s dBsC
(n)
s . Take precisely the two
sequences such that
‖A(n)(i, k)C(n)(r, j)−A(i, k)C(r, j)‖2 → 0
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as n→∞ for all i, k, r, j ∈ {1, . . . , d}. By the construction of the stochastic integral in one
dimension, we can bound to have that E[(I(n)(i, j)−I(i, j))2]→ 0 as n→∞, which helps to
see that E[‖I(n) − I‖2F ]→ 0. Nevertheless, by the equivalence of norms E[‖I(n) − I‖2]→ 0.
4.1 Proof of Proposition 5
i) For step processes. First of all, we can check the formula for matrix step processes. In
this case we have
E
[
yT
(∫
0
AsdBsCs
)2
x
]
= E

yT
(
n−1∑
k=0
Ask(Bsk+1 − Bsk)Csk
)2
x

 .
Notice that when expanding the square and taking expectation, the cross terms are vanished,
then we have
E
[
yT
(∫
0
AsdBsCs
)2
x
]
=
n−1∑
k=0
E
[
yT
(
Ask(Bsk+1 − Bsk)Csk
)2
x
]
.
Thus, we have to analyze
E
[
yTAsk(Bsk+1 −Bsk)CskAsk(Bsk+1 − Bsk)Cskx
]
,
written in a compact form as
E
[
aTβcβb
]
,
using the notation
aT := yTAsk , β := Bsk+1 − Bsk , c := CskAsk , b := Cskx.
Notice that β is a matrix of independent normal r.v.s with mean 0 and variance sk+1 − sk.
It will be easy to deduce the formula by analyzing the 2-dimensional case:
E
[
aTβcβb
]
= E
[
(a1 a2)
(
β11 β12
β21 β22
)(
c11 c12
c21 c22
)(
β11 β12
β21 β22
)(
b1
b2
)]
= E
[(
a1β11 + a2β21
a1β12 + a2β22
)T (
c11 c12
c21 c22
)(
b1β11 + b2β12
b1β21 + b2β22
)]
= E[a1c11b1 + a1c21b2 + a2c12b1 + a2c22b2](sk+1 − sk)
= E
[
(b1 b2)
(
c11 c12
c21 c22
)(
a1
a2
)]
(sk+1 − sk)
= E[bT ca](sk+1 − sk) = E(xTCTCAATy)(sk+1 − sk).
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This helps to see how the formula arises for step processes.
ii) For more general processes.
Let A and C be matrix stochastic processes where the stochastic integral I is well defined.
Therefore, as mentioned above, there are approximating step processes A(n) and C(n) whose
stochatic integral I(n) converges to I in the L2-norm.
By point i) above,
E
[
yT (I(n))2x
]
=
∫ t
0
E
[
xT (C(n)s )
TC(n)s A
(n)
s (A
(n)
s )
Ty
]
ds
for every n ≥ 1. Then, we want to prove that∣∣E [yT (I(n))2x]− E [yT I2x]∣∣→ 0, n→∞, (12)
and that∫ t
0
E
[
xT (C(n)s )
TC(n)s A
(n)
s (A
(n)
s )
Ty
]
ds→
∫ t
0
E
[
xTCTs CsAsA
T
s y
]
ds, n→∞. (13)
For (12) we have∣∣E [yT (I(n)2 − I2)x]∣∣ = E [∣∣yT ((I(n)− I)I(n) + I(I(n)− I))x∣∣]
≤ E [∣∣yT (I(n)− I)I(n)x∣∣]+ E [∣∣yT I(I(n)− I)x∣∣]
≤ ‖x‖‖y‖ (E[‖I(n)− I‖‖I(n)‖] + E[‖I‖‖I(n)− I‖])
≤ ‖x‖‖y‖
(√
E[‖I(n)‖2] +
√
E[‖I‖2]
)√
E[‖I(n)− I‖2].
Hence, we obtain (12), because E[‖I(n)− I‖2]→ 0 as n→∞.
For (13), we need to calculate∫ t
0
E
[
xT
(
(C(n)s )
TC(n)s A
(n)
s (A
(n)
s )
T − CTs CsAsATs
)
y
]
ds.
Observe that we need to calculate
E[
∫ t
0
(an1 (s)a
n
2 (s)c
n
1(s)c
n
2 (s)− a1(s)a2(s)c1(s)c2(s))ds],
where an1 (s) and a
n
2 (s) are arbitrary entries of A
(n)
s , cn1 (s) and c
n
2 (s) of C
(n)
s , and similarly
without the the index n, i.e. a1(s) represents an entry of As.
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After adding and substracting a1(s)a
n
2 (s)c1(s)c
n
2 (s) we can split into two terms. Let us
elaborate one of them, the other one is similar. We have that
E
[∫ t
0
(an1 (s)a
n
2 (s)c
n
1 (s)c
n
2(s)− a1(s)an2 (s)c1(s)cn2 (s))ds
]
= E
[∫ t
0
(an1 (s)c
n
1 (s)− a1(s)c1(s))an2 (s)cn2(s)ds
]
≤ E

√∫ t
0
(an1 (s)c
n
1 (s)− a1(s)c1(s))2ds
√∫ t
0
(an2 (s)c
n
2(s))
2ds


≤
√
E
[∫ t
0
(an1 (s)c
n
1(s)− a1(s)c1(s))2ds
]
E
[∫ t
0
(an2 (s)c
n
2(s))
2ds
]
.
where we used the Cauchy-Schwarz inequality twice, one for the integral and another one
for the expectation. Since E[
∫ t
0
(an1 (s)c
n
1 (s)− a1(s)c1(s))2ds] vanishes as n → ∞, we obtain
(13), and therefore the result.
4.2 Proof of Lemma 6
Define Mt :=
∫ t
0
AsdBsCs. Since Mt+M
T
t is symmetric, (Mt+M
T
t )
2 is positive semidefinite,
that is
0 ≤ (Mt +MTt )2 = M2t + (MTt )2 +MtMTt +MTt Mt,
then
−(MtMTt +MTt Mt) ≤M2t + (MTt )2.
So that
−E [xT (MtMTt +MTt Mt)x] ≤ E[xTM2t x] + E[xT (MTt )2x]
≤ ∣∣E[xTM2t x]∣∣ + ∣∣E[xT (MTt )2x]∣∣ .
Now, for each t ∈ [0, τ ], we can find αt > 0 such that
αt
∣∣E [xT (MtMTt +MTt Mt)x]∣∣ ≤ ∣∣E[xTM2t x]∣∣ + ∣∣E[xT (MTt )2x]∣∣ .
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From the continuous trajectories of Bt, we have that α : [0, τ ]→ (0,∞) is actually continu-
ous. Let us then define δ := mint∈[0,τ ] αt. Then
E
[
xT (Mt +M
T
t )
2x
]
= E[xTM2t x] + E[x
T (MTt )
2x]
+E[xT (MtM
T
t +M
T
t Mt)x]
≤ ∣∣E[xTM2t x]∣∣ + ∣∣E[xT (MTt )2x]∣∣
+
1
δ
{∣∣E[xTM2t x]∣∣ + ∣∣E[xT (MTt )2x]∣∣} .
Defining β := 1 + δ−1 gives the inequality.
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